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ABSTRACT
Syrus is courseware designed with the goal of helping students bet-
ter understand logical sentences involving quantifiers. Syrus uses
template-guided mutation of “seed” formulas to generate candidate
practice problems, and third-party theorem-provers to automati-
cally determine the truth value of each. It provides students with a
virtually unlimited supply of unique and relevant practice problems
and provides immediate feedback on each problem. Results of an
empirical study of its efficacy are reported.

Categories and Subject Descriptors
I.2.6 [Computing Methodologies]: Learning—Induction, Concept
learning; K.3.2 [Computers and Education]: Computer and In-
fomation Science Education—Computer science education, Self-
assessment

General Terms
Human Factors, Theory

Keywords
Interactive Learning, Mathematical Theories in CS, On-line Edu-
cation, Discrete Mathematics, Predicate Calculus

1. INTRODUCTION
For nearly every major topic in an elementary science or engi-

neering course, student assignments include many practice prob-
lems, all of a similar nature. Evidently instructors believe that, as
the saying goes, “practice makes perfect” because it helps students
hone their skills in solving problems of a certain kind.
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With the advent of on-line courses and many universities’ rush
toward on-line education, the traditional constructs of education
such as classrooms and homework are being challenged. Without
the constraint of in-person instruction, classes become bigger and
students more remote. In this context, traditional pedagogical tools
such as graded homework assignments become either impossible
or prohibitively expensive. Can software produce good practice
problems? Can it solve them? Can students learn this way?

Syrus seeks to address such questions in one disciplinary area
(formal logic, specifically predicate calculus) by adapting existing
powerful research software (automated theorem-provers) to gener-
ate and solve many practice problems of pedagogical value.

2. EDUCATIONAL GOALS
The key learning outcome targeted by Syrus is that students should

be able to understand and reason rigorously with logical statements
in predicate calculus over various mathematical domains of interest
in CS. The approach helps novices develop more expert-like skills
through effortful practice [2]. The generic inspiration for building
and evaluating such a tool is based on the following observations:

1. Introductory courses in many STEM areas involve students
practicing on many homework problems.

2. Typical human grading of such assignments severely limits
the number of such problems that can be attempted by stu-
dents with useful and timely feedback.

3. State-of-the-art tools used by researchers in the field can some-
times solve student problems automatically.

4. Large numbers of problems with similar (pedagogically use-
ful) structure can be generated automatically.

Before we describe Syrus and its evaluation, some history is in
order. The original idea was that the student is given a sentence in
predicate calculus over some rich collection of mathematical do-
mains (integers, reals, sets, strings, etc.), is asked whether it is
valid, and is then challenged to prove that claim. We discovered
there are two basic dimensions to the “space” occupied by any tool
that attempts to accomplish this. One is the depth of interaction be-
tween the software and the student: how much feedback is provided
in real-time as the student works her way through the proof? A tool
with deep interaction needs to check proof steps proposed by the
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in each problem set to ensure that students have the necessary vol-
ume of practice problems. There should ideally be a substantially
large number of problems in each problem set to allow students to
practice without running into the same problem multiple times. To
achieve this, a problem generator takes a principal formula as input
and generates multiple variant problems from it. A principal for-
mula may be taken from a textbook or otherwise created manually
by an instructor.

After the creation of a candidate problem set, each of the prob-
lems in the set must be answered. Given that a problem set typically
contains a large number of problems, we turn to off-the-shelf theo-
rem provers to perform the task of determining the validity of each
candidate problem sentence. Thus, the second component consists
of third-party theorem provers that are used to automatically deter-
mine the correct answer for each generated problem.

The last major piece is the website that serves as an interface
for the students. The website takes the problems generated by the
first component, along with the results of the automated answering
process, and presents them to students. The following subsections
describe the design and development of each of these components.

4.1 Problem Generation and Proof
Randomly generating arbitrary mathematical sentences would

provide us with a very large problem set, but at the cost of qual-
ity. While randomly generated (but syntactically correct) sentences
might be proven true or false, their intellectual and pedagogical
value would be questionable. Sentences that are either too short-
/easy or too long/difficult or just nonsensical semantically are bound
to be created by a random process, and the labor-intensive job of
filtering uninteresting problems would again fall to an instructor.

As a result, our problem generator uses a hybrid approach. In-
structors provide Syrus with mathematical sentences that are con-
sidered to be interesting for the subject matter being taught, be it
because they are important lemmas or because students in previous
courses have had difficulties understanding sentences of a similar
form. These sentences become principal formulas. The tool-set
generates mutations of them using a syntactic approach. For ex-
ample, students might be expected to understand that a non-empty
set of integers contains an integer. This principal formula is sen-
tence (4).

(∀S ⊂ Z)[φ ⊂ S =⇒ (∃x ∈ Z)[x ∈ S]] (4)

Similarly, instructors using the tools have noticed that students
have special difficulty reasoning about long chains of operations.
We therefore introduced principal formulas that contain two rela-
tively long sequences of operations, requiring students to simplify
such chains of operations to determine how the resulting sets are
related to one another. An example of such a principal formula
is (5).

(∀S, T ⊂ Z)[(∃R ⊂ Z)[((S−T )∪R)∩S = (S ∪T )∩R]] (5)

This formula is not true. However, this does not pose a problem
because the truth values of the formulas generated from it are deter-
mined by theorem provers independently of the principal formula.

New candidate problems are generated by replacing some oper-
ators and variables in the principal formula in a manner that pre-
serves its overall structure. The mutation of the sentence allows
variables and constants to be interchanged with other variables that
have already been bound by a quantifier and are of the same type, as
well as constant values. These variations can be limited in various
ways, e.g., to a fixed number of occurrences per generated formula,
to ensure that the problem set does not deviate too significantly
from its seed principal formula.

(∃S ⊂ Z)[φ 	= S ⇐⇒ (∀x ∈ Z)[x /∈ S]]

(∃S ⊂ Z)[¬((∃x ∈ Z)[x /∈ S] ∨ φ 	= S)]

(∀S ⊂ Z)[(∀x ∈ Z)[x ∈ S] ∨ φ ⊆ S]

Figure 6: Some of the resulting variations of sentence (4)

Similarly, logical connectives such as ∧, ∨, =⇒ and ⇐⇒ can
be interchanged with one another. When these exchanges occur, the
mutation ensures that the operation types do not change (thus the
sentences remain syntactically correct). For example, for numeric
types the operators +, −, ∗, max, min may be interchanged within
the formula. Similarly for sets, ∪, ∩, and − (set difference) may
be replaced by one another. Finally, mutations on the quantifiers
are also permitted, with ∀, ∃ and ∃! as possible choices. Some of
the variants of the principal formula in sentence (4) are shown in
Figure 6.

The Isabelle [7] or Z3 [1] theorem prover is used to check the
validity of each candidate problem. We use Isabelle to check the
validity of problems involving integers and real numbers, and Z3 to
check problems involving sets and strings. When interfacing with
Z3, the problems, along with the theories and mathematical defi-
nitions used in them, are expressed as assumptions and assertions
in the Dafny [5, 3] programming language. Dafny is a program-
ming language for software verification that uses Z3 as its back-
end prover. We chose to use Dafny as the front-end to Z3 because
it provides an easier route for translating statements about strings
and sets than interacting with Z3 directly. Dafny translates these
statements into the Boogie [4] intermediate language, which in turn
generates verification conditions to be proved by Z3.

When adapting a problem for processing by Isabelle, the formula
statement is translated in a manner similar to the Dafny translation
previously discussed. The primary difference is the translation tar-
get language. Specifically, the Isabelle proof environment is built
on a meta-logic framework (called Pure) with object logics (such as
first-order logic) layered on top. Pure is a natural deduction system
that includes rules for handling quantifiers, propositional connec-
tives (negation, and, or, and implies), as well as unification. An
object logic includes the syntax to express formulas in it, as well as
the axioms and proof rules/theorems required to reason in it.

Each generated problem is initially represented in an XML for-
mat. We have built translation tools for Isabelle and Dafny/Z3 that
convert from our XML format into their respective input formats.

4.2 Website
The Syrus website is implemented using Ruby on Rails. It serves

as the only client-facing component of the courseware (the genera-
tion and proof process previously described are performed off-line).
In addition to allowing students to view and answer questions, it
also tracks statistics on the progress of each student. Problem sets
containing sentences and their truth values are loaded into the web-
site in bulk, formatted according to the notation used in the course,
and then stored in a database.

The statistics tracked by the website are not only useful to the
students, but also to instructors and researchers. For example, the
detailed statistics allow us, as researchers, to gather data on the
effectiveness of the product. Those same statistics, when viewed
in the scope of particular problems, allow the course instructors to
determine what types of problems students need additional help on.
Also, the more limited information such as success rate and average
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response time serve to guide the students and motivate them in a
similar way to points in a game.

5. IMPACT AND EVALUATION
During the 2010-2011 academic year the Syrus software was

developed and tested by students taking a discrete mathematics
course, which has computer science students as its primary audi-
ence. During this period, data collection methods were also tested,
and a short assessment of the skills that Syrus focused on was cre-
ated by the course coordinator. This assessment was embedded in
the course’s final exam to allow for one method of project evalua-
tion.

Complicating the study was the Summer 2012 change of the uni-
versity calendar from quarters to semesters, and a change of the
former math course to a new computer science course. Fortunately,
we were able to work around these problems, but further studies
would be complicated by the need for new baseline data. Syrus is
currently being used in some sections of the new computer science
foundations course.

In the Winter and Spring 2012 terms, the assessment was em-
bedded in the course’s final exam and scored consistently using a
rubric designed by the course coordinator. There were two sections
in each of these two terms. In Winter, neither section used Syrus.
In Spring, the instructor of one section strongly suggested that stu-
dents study using Syrus and one did not mention it. This allowed
us to judge the effect of Syrus (Spring comparison) versus the typ-
ical degree of section-to-section differences without Syrus (Winter
comparison).

The data collected was merged from three sources. The uni-
versity’s Student Information System was queried to get student
age, ethnicity, gender, grade in the course, GPA in other Math
courses, overall GPA, and Math Placement scores. Secondly, the
Syrus system itself was queried to get information on the number of
questions attempted, correctly answered, incorrectly answered, and
skipped, together with the number of seconds taken in each of these
activities. Finally, the course professors provided the scores on the
embedded final exam question (20 points maximum) for each stu-
dent in the four sections taking the final.

Section Students
Used Embedded Course Grade
Syrus Question - Math GPA

WI 1 65 No
15 -0.04

(13 to 16) (-0.4 to 0.4)

WI 2 57 No
15 0.10

(13 to 16) (-0.50 to 0.73)

SP 1 51 Yes
16 0.05

(12 to 18) (-0.40 to 0.70)

SP 2 57 No
15 -0.17

(11 to 19.25) (-1.20 to 0.45)

Table 1: Comparison of courses using Syrus with those that don’t.
The numerical results are presented with the median on top and the
25th and 75th percentile in parentheses.

Two principal response variables were studied: the grade on the
embedded final exam question, and the difference between the stu-
dent’s grade in the course and their GPA in previous Math courses.
This second response variable thus measured student performance
in the logic course normalized by their expected grade given their
performance in previous courses. A general overview of the results
is presented in Table 1.

The students in the section asked to use Syrus as a study aid had
a median score one point higher than the other three sections stud-
ied in the embedded final exam question. However the distribution
of scores overlapped, and this difference may easily have been ex-
plained by random chance. The students in the Spring section that
used Syrus also did better in the Math course relative to their previ-
ous math grades when compared to students in the other sections.
Due to some skewness in the distributions, the change in the means
was greater than the change in the medians, moving from −0.33 to
+0.11. This difference was not easily explained by random chance
(p ≈ 0.05).

The fact that only small differences are seen in student learning
as a result of using Syrus is probably to be expected since its use
was not required by the course: even in the section where it was
highly recommended for study, no grade was directly given for its
use. As a result the median usage was a little under 10 minutes
total, though some students did use it more. Only six students used
Syrus for more than an hour total (spread over multiple sessions).
This small group had a median score of 17.5 on the embedded ques-
tion and had a median of 0.43 on the course grade minus previous
math GPA.

The improved grades in the course compared to previous math
courses for the section that used Syrus was seen across both sexes
consistently. For males the median went from -0.51 in the Syrus
section to -0.76 in the non-Syrus section; while for females the me-
dian went from -0.31 to -0.59. The improved grades in the discrete
logic course compared to previous math courses for the section that
used Syrus was also seen in both minority and white students. For
the white students the median went from -0.51 in the Syrus section
to -1.02 in the non-Syrus section; while for the minority students
the median went from -0.46 to -0.60.

A statistical model controlling for gender, minority status, math
placement scores and age did not change the significance of the
difference between the Spring Syrus section and the non-Syrus sec-
tion for the grades-based measure (neither did it change the lack of
a significant difference in the scoring of the embedded question).

In the section using Syrus, the percent of the total time using
Syrus that resulted in a correct answer to a Syrus question was cor-
related with both response variables. The rank correlation with the
grade-based response was 0.40, while the rank correlation with the
embedded question was 0.52. This is to be expected since all three
measures gauge the degree to which the students learned core ma-
terial in the class, but it does reinforce the underlying assumption
that success in using Syrus is correlated with success in the class
and in learning the material at hand.

The Syrus project showed some promise in improved outcomes
in the discrete mathematics course, when adjusted for expectations
based on grades in previous math courses. This result was con-
sistent among different subpopulations. However, no effect of the
use of Syrus was seen in a question embedded in the final exam
that was specifically designed to gauge the knowledge that Syrus
most directly covered. Further study in an experimental setting
with heavy use of Syrus would seem to be needed to better un-
derstand its value.

6. DISCUSSIONS AND RELATED WORK
The disparity in the number of sentences that are determined ei-

ther true or false for a given quantifier structure makes it impracti-
cal to randomly select a problem from the current logical form. For
example, a student might realize that the percentage of true sen-
tences in a setting that is universally quantified is larger that that of
the false ones. This would improve the student’s odds of getting a
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correct answer by simply guessing true all the time. To avoid this
problem, our website first decides whether it will provide a student
with a true or false sentence, and then selects a sentence from the
setting that matches the intended answer. This way the distribution
of results seen by the student is independent of that of the proving
mechanisms and the chances of a student getting a correct answer
through guesswork is always 50%.

In terms of related educational software, the works of Suppes, et
al.[9], at Stanford, and Sieg, et al. [8], at CMU, stand out as the
best developed and the most closely related to Syrus. They are also
among the very few such tools to have been evaluated with student
subjects.

The CMU group observed [8] that resolution theorem provers
gave little help to students in thinking about how to prove some-
thing, and hence set out to develop a proof search system based on
natural deduction: the CMU Proof Tutor. An important difference
from the (original) CMU Proof Tutor, however, is that Syrus fo-
cuses on quantified formulas over mathematical theories of central
importance in CS education. Syrus also automatically generates
targeted practice problems; it is not clear whether the new Proof
Tutor will do that.

The EPGY Theorem Proving Environment is used by gifted stu-
dents in Stanford’s Education Program for Gifted Youth. Its pub-
lished evaluation [9] involved 170 students doing geometry proofs.
This is a sophisticated and rather heavyweight proof environment
that can be used across a variety of mathematical domains, with
a pedagogical focus on proving interesting results in a variety of
underlying mathematical theories (including geometry, linear alge-
bra, multivariate calculus, and differential equations). The tool’s
purpose is to fill in gaps in student proofs – anything that can be
completed by the proof assistant Otter [6] within 4-5 seconds. It at-
tempts to supply automatically the below-the-radar details that nor-
mally would not appear in a proof in the mathematical literature,
and hence to allow students to prove theorems as would be done
in “standard mathematical practice”. Besides being far less inter-
active (being intended for a completely different purpose), Syrus
differs in several important respects. It provides students with a
platform for repeated practice with logic problems that involve un-
derlying mathematics in theories of interest to CS students, so it can
focus specifically on student understanding of quantified sentences
and reasoning involving them.

7. CONCLUSION
Syrus provides a unique and novel approach to improving access

to practice problems while providing instant feedback. The tech-
nique of using research tools to solve large numbers of intelligently
generated candidate problems is one that could certainly be adapted
to other topics in mathematics. Additionally, disciplines outside of
mathematics are also candidates for using this method. For exam-
ple, further research could determine whether software tools used
by researchers could be adapted to generate and solve appropri-
ate practice problems for students in an introductory chemistry or
physics course. Unfortunately, the jury is still out on how effective
such tools might be. Our study of Syrus does not establish efficacy
but rather promise.

It has become especially clear that the key ideas behind Syrus
will become increasingly important as higher education struggles
with the impact of massive open on-line courses (MOOCs). MOOC
students in STEM courses in particular will need to practice solving
problems, some of which are of a sort that can be solved automat-
ically with sophisticated research tools used by researchers in the
same discipline. They must receive automated and, preferably, in-

stantaneous feedback; having instructors grade homework for such
a large number of students remains unfeasible and hiring armies of
other human graders could prove expensive. It is likely that all re-
sults, positive and negative, regarding the use of technologies such
as those developed and evaluated in this project, will prove rele-
vant to the future of on-line education in general and MOOCs in
particular.
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